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Course Name: Analytical Mechanics Phys 252

The material covered in this course is concerned with 
Newton's laws of motion and their applications to linear 
motion, harmonic oscillator, and inertial forces, 

Analytical Mechanics   
by  G.R. Fowles & G.R. Cassiday. 7th ed.

Description of 
the course:

The textbook:

H.W 10% On each tutorial session

Quiz 10% After each tutorial 
session

1st EXAM 20% week 7
25/4/1431 H

2nd EXAM 20% week 12
8/6/1431 H

FINAL
EXAM

40% End of the semester

Grading:

Instructor Name: Dr. Hala A Al-Jawhari Room No. (108/C).



Mechanics is the science of motion, which is a change 
in the position of a body with respect to time. It studies 
the interactions between a moving body and the forces 
acting on it. Hence: 

Basic Definitions

What is 
Mechanics?

Classical 
Mechanics:

Is the science Deals with the motion of objects through 
absolute space & time in the Newtonian sense.



Basic Definitions

In order to define the position of a body in space, it is 
necessary to have a reference system. In mechanics we 
use a coordinate system. The basic type of coordinate 
system is the Cartesian or rectangular coordinate system. 
The position of a point in such system is specified by three 
numbers or coordinates, x, y, and z.  In case of a moving 
point, the coordinates change with time; that is, x, y, and z
are functions of the quantity t.

The Coordinate 
System:



The observational data of physics are expressed in terms 
of certain fundamental entities called physical quantities, 
for example; energy, time, force, and so on.
It has been found that it is possible to define all of the 
physical quantities of mechanics in terms of three basic 
ones, namely length, time and mass.

The particle 
(or mass point):

Physical 
Quantities:

The particle is a thing that has mass but does not 
have spatial extension. It is an approximation of a 
very small body, or one whose size is relatively 
unimportant in a particular discussion. The earth, for 
example, might be treated as a particle in Celestial 
mechanics.

1- meter (m).
Basic Units in 

(SI System):

2- second (s).

3- kilogram (kg).



prefixes of the 
SI Units: 

Factor 109 106 103 10-2 10-3 10-6 10-9 10-12

Prefix Giga- Mega- Kilo- Centi- Milli- Micro- Nano- Pico-

Symbol G M K c m m n p

The dimension of any physical quantity can be written as 
[M]a [L]b [T]g where a, b, and g are powers of their 
respective dimension. For example, the dimension of 
acceleration a is

Dimensions:
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1- Dimensional analysis is a powerful tool that can be 
used to determine whether the result of a calculation has 
even the possibility of being correct or not.  

Dimensional 
Analysis:

the dimensions on the LHS = the dimension of all 
physical quantities on the RHS.

I.e. 



2- Dimensional analysis can also be used as to obtain 
a rough relationship between physical quantities.

Dimensional 
Analysis:

Consider the simple pendulum; that consists 
of a small mass m attached to the end of a 
massless string of length l. 

The question now is:
In the absence of friction, air resistance and all 
other dissipative forces, how does the 
pendulum period t depend on any physical 
parameters that characterize the pendulum?

Example:

gbat glm

whose dimensional relationship must be
[T] 1 = [M]a [L]b ([L]g [T] -2g)

Let assume that

g

l
t

Matching the dimensions of RHS with LHS we find that;
a = 0, g = -1/2 and, b + g = 0, or b = 1/2. 
Thus, we conclude that



Physical 
quantities

Scalars Vectors

 A scalar can be completely 
defined by magnitude.

 Examples: mass, density, 
volume, and energy.

 Its value is independent 
of any chosen coordinates.

Mathematically, scalars obey 
the normal algebraic rules of 
addition, multiplication …etc.

 A vector needs both magnitude
and direction to be defined.

 Examples:  displacement, 
velocity, acceleration, and force.

 Its value is coordinate 
system dependent. 

Mathematically, vectors need 
a special treatment known as 
Vectors Algebra.

Vectors

Vectors
&

Scalars



A given vector A can be specified either by:

The set of its components,  or projections onto the 
coordinate axes ; Since

Vector Algebra

Its magnitude (A) and its 
direction (f) relative to some 
chosen coordinate system. 
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The magnitude

The direction

How to define 
a Vector ?

The vector O = (0,0,0) is called the null vector.The Null Vector:

../../../../Components.mov


The addition of two vectors is defined by the equation:

Note that:

A+B = B+A

Associative Law

Vector Addition:

A + B = (Ax + Bx,  Ay + By,  Az + Bz)

Commutative Law

A+(B+C) = (A+B)+C

A unit vector is a vector whose magnitude is unity. 
Unit vectors are often assigned by the symbol e, The 
three unit vectors
ex = (1,0,0)          ey = (0,1,0)                ez = (0,0,1)

x
yi

z

j

k
for Cartesian coordinates
ex = i          ey = j                ez = k

The Unit Vectors:

../../../../Vector Addition.mov


Main properties of the scalar product:

The Scalar 
Product:

Given two vectors A and B, the scalar or ” dot " product, 
A.B is the scalar defined by the equation

A.B = AxBx + AyBy + AzBz

 It is commutative,

 It is a scalar. If vector A is expressed as (A, 0, 0) and the 
vector B as (B cosq, B sinq, 0), then,

A.B = B.A

A . (B + C) = A . B + A . C It is distributive,

Hence, The geometrical interpretation of A . B is that it 
is the projection of B onto A times the length of A.

A.B = AxBx = A(B cos q) = |A| |B| cos q

 If A. B = 0 , and neither A nor B is null, 
then (cosq = 0) and A is  to B. 

Similarly;                i.i = j.j = k.k= 1

i.j =j.k = k.i = 0
A

B

|B| cosq

q



Given two vectors A and B, the vector or “cross ” product , 
A x B is a vector whose components are given by the equation

Main properties of the vector product: 

 It is distributive,

The Vector 
Product
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A × B = (AyBz – AzBy , AzBx – AxBz ,  AxBy – AyBx )

which is equal to the determinant, 

 It is anti-commutative, A × B = – B × A

A × (B + C) = A × B + A × C

 the resultant is a vector . Its magnitude is given by;

| A × B | = |A| |B| sinq

where q is the smallest angle between A and B. 



The Vector 
Product

where n is a unit vector normal to the plane containing A and B. The 
sense of n is given by the right –hand rule. 

A × B =  (A B sinq) n

Hence,

i × j =k ,    j × k =i ,     k × i= j

Therefore,

i × i =j × j = k × k= 0

A x B

B

A

q

Note: The cross product A × B has 
1- A magnitude of A B sinq which is equal to the area        

of the parallelogram with sides A and B shown by 
the shaded area in the Figure. 

2- A direction  to the plane containing A and B.

 The direction of the resultant vector is  to the plane 
containing A and B.
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C)A.(BThe expression 

represents the scalar triple product of A, B and C.
While, the expression 

A x (B x C) =  B(A.C) – C(A.B)

Triple Products

represents the vector triple product of A, B and C. It can 
be remembered easily as the “ back minus cab” rule. 
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Previously we were concerned mainly with vector algebra. Now, 
we will begin to study the calculus of vectors and its use in the 
description of the motion of particles.

Derivative 
of a vector

The derivative of A with respect to u is defined by

Consider a vector A, whose components are functions of a 
single variable u which is usually the time t, i.e,

A(u) = i Ax(u) + j Ay(u) + k Az(u)
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Notice that it is necessary to maintain the order of the terms in 
the derivative of the cross product.

Examples:



In a given reference system, the position of a particle can be 
specified by a single vector. This vector is called the position 
vector of the particle. 

For a moving particle, these components are functions of the time.
The time derivative of r is called the velocity, (v), which is 
given by;

Velocity & Acceleration In rectangular coordinates

In rectangular coordinates, the position vector is simply

The position 
vector

r = i x + j y + k z

zyx
dt

d
  k j i

r
v ++

The vector dr/dt expresses both 
the direction and the rate of motion. 
As Dt approaches zero, 
the point P' approaches P, 
and the direction of the 
vector Dr/Dt approaches the 
direction of the tangent to 
the path at P, which is dr/dt.

The velocity 
vector
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The magnitude of the velocity is called the speed (v). In rectangular 
components the speed is just

where s is the distance.

The time derivative of the velocity is called the acceleration
(a). Hence;

The velocity vector is always tangent to the path of motion.Note:

The acceleration 
vector



Examples of Velocity & Acceleration 
In rectangular coordinates

Exp(1-10-1):
Projectile Motion

)(c-gtb  j iv +

g ja 

)
2

( j ir
2gt

ct-bt +
The position vector

The velocity

The acceleration

The path Parabola



The position vector

The velocity

The acceleration

The path

Exp(1-10-2):
Circular Motion

tbtb    j   ir  sincos +

tcbtsb  os  j in  iv  +

tbtb    j   ia  sincos 22 
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Circle



The position vector

The velocity

The acceleration

The path

Exp(1-10-3):
Rolling Wheel

21 rrr +

  j   ir1 btb + 

tbtb    j   ir2  cossin +
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To express the position of a particle moving in a plane, it is often 
convenient to use polar coordinates : r, q.

r = r er

Velocity & Acceleration in
Plane Polar Coordinates

Using Vectors, the position of the particle can be 
written as the product of the radial distance r by a 
unit radial vector er:

which are both functions of the time.

If we differentiate with respect to t, we get the velocity ;

dt

d

dt

d r q
qe

e


A study of the figure shows that;

Der  | Der|   eq

 |er| Dq eq

 Dq eq

Dividing by Dt and taking the limit gives;

The velocity
vector

The position
vector

Deq  -| Deq|   er

 -|eq| Dq er

 -Dq er

dt

d

dt

d
r
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Similarly;
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the radial component

To find the acceleration vector, we take the derivative of the 
velocity with respect to time. This gives

the radial component the transverse component

The acceleration
vector

the transverse component

Note: Path r q dr/dt dq/dt ar aq

Circle const.

(b)

vari. 0

toward the center  r

Radial 
line

vari. const. 0 0

2qb qb

r r

q

Hence, 



Converting between Polar & Cartesian
coordinate systems 

Polar to Cartesian 
Conversion Formulas

qcosrx  qsinry 

Cartesian to Polar 
Conversion Formulas

22 yxr + 







 

x

y1tanq

Example A- Convert into Cartesian coordinates.

B- Convert (-1,-1) into Polar coordinates.

Solution

So, in Cartesian coordinates this point is 

So, in Polar coordinates this point is 

A-

B-



Convert each of the following into an equation in the given 
coordinate system 

into Cartesian coordinates B-

into polar coordinates. A-

Problem

Solution

A-

B-

http://images.google.com/imgres?imgurl=http://www.clipartheaven.com/clipart/education_%26_schools/cartoons/question_mark.gif&imgrefurl=http://clipartheaven.com/show/clipart/education_%26_schools/cartoons/question_mark-gif.html&usg=__PHit1GRKuW5Ld6YVo9zf2DTI4C8=&h=534&w=490&sz=12&hl=en&start=53&um=1&itbs=1&tbnid=8ET0Wi2vP-IXUM:&tbnh=132&tbnw=121&prev=/images%3Fq%3Dquestion%2Bmark%2Bclipart%26start%3D36%26um%3D1%26hl%3Den%26safe%3Dactive%26sa%3DN%26ndsp%3D18%26tbs%3Disch:1


Velocity & Acceleration in
Cylindrical Coordinates

The velocity
vector

The position
vector

The position vector of a particle can be described in 
cylindrical coordinates (R, f , z) as

r = ReR + zez

In view of the facts that

0   and 
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The velocity and acceleration vectors
can be given by the following equations:

The acceleration
vector



Converting between Cylindrical & Cartesian
coordinate systems 

Cylindrical to 
Cartesian 

Conversion Formulas
qcosrx  qsinry 

Cartesian to 
Cylindrical 

Conversion Formulas

22 yxr +

Example
A- Convert (2,p/4,3)  into Cartesian coordinates.

B- Convert (1,-1,2) into cylindrical coordinates.

Solution

A-

B-
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In Cartesian coordinates this point is (            )3,22,22

In Polar coordinates this point is (                  ) 2,4/7,2 p
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Velocity & Acceleration in
Spherical Coordinates

The position
vector

The position vector of a particle can be described 

in Spherical coordinates (r, q, f) as

r = rer

)(cos)(sin fff jie +

Note yhat;
r ≥ 0 

0° ≤ θ ≤ 180° (π rad) 

0° ≤ φ < 360° (2π rad)

Because any vector can be expressed in terms 
of its projections onto the x,y,z axes as;

)(cos)sin(sin)cos(sin qfqfq kjie ++r

)(sin)sin(cos)sin(cos qfqfqq kjie +



Converting between Spherical & Cartesian
coordinate systems 

Spherical to Cartesian 
Conversion Formulas

fq cossinrx  qq cossinry 

Cartesian to Spherical
Conversion Formulas

222 zyxr ++
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The velocity
vector

The velocity and acceleration vectors can be given as the following:

The acceleration
vector

qf qqf e e  ev  rrr r ++ sin
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